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EQUIDIMENSIONAL AND UNMIXED IDEALS OF VERONESE
TYPE
MARIUS VLADOIU
Abstract. This paper was motivated by a problem left by Herzog and Hibi,
namely to classify all unmixed polymatroidal ideals. In the particular case of
polymatroidal ideals corresponding to discrete polymatroids of Veronese type, i.e
ideals of Veronese type, we give a complete description of the associated prime
ideals and then, we show that such an ideal is unmixed if and only if it is Cohen-
Macaulay. We also give for this type of ideals equivalent characterizations for
being equidimensional.
Introduction
In this paper, we give a partial answer to a problem left by Herzog and Hibi in [6].
More precisely, they classify all Cohen-Macaulay polymatroidal ideals and, since a
Cohen-Macaulay ideal is unmixed, they leave as a problem the classification of all
unmixed polymatroidal ideals. Our main result gives a complete answer for this
problem in the case of polymatroidal ideals corresponding to discrete polymatroids
of Veronese type. A polymatroidal ideal is the ideal generated by the monomials
corresponding to the set of bases of a discrete polymatroid. We recall that an ideal
J of a noetherian ring R is said to be unmixed if the associated prime ideals of R/J
are the minimal prime ideals of J . In general, an ideal in a noetherian ring R is
called equidimensional if for all its minimal primes p, dim(R/p) is the same number.
The paper is organized as follows. First of all, in Section 1 we recall some ba-
sic facts about discrete polymatroids (see, e.g. [5]) and we focus on a particular
class, namely the class of discrete polymatroids which satisfy the strong exchange
property. Herzog et al.([7]) showed that the set of bases of a discrete polymatroid
satisfying the strong exchange property is, up to an affinity, of Veronese type. The
polymatroidal ideal corresponding to a discrete polymatroid of Veronese type we call
it ideal of Veronese type, and denote it by Id;a1,a2,...,an , a subset of S = K[x1, . . . , xn],
where d, a1, . . . , an are nonnegative integers with
∑n
i=1 ai ≥ d. After renumbering
the variables, we may assume that d ≥ a1 ≥ a2 ≥ . . . ≥ an. With respect to
this assumption, our first result in Section 2 says that the radical of an ideal of
Veronese type is squarefree strongly stable. Using this, we obtain the main theo-
rem of this section, Theorem 2.6, which states that an ideal of Veronese type I is
equidimensional if and only if
√
I is Cohen-Macaulay. In particular, we obtain some
combinatorial information about the minimal generators of
√
I, which allows us to
give a new equivalent description of the equidimensionality of I, cf. Corollary 2.8.
The author was supported by CNCSIS and the Ceres program 4-131/2004 of the Romanian
Ministery of Education and Research.
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We show also that equidimensional polymatroidal ideals corresponding to discrete
polymatroids which satisfy strong exchange property are those whose radical is a
principal ideal. In the last section, we give in Proposition 3.1 a complete description
of the associated prime ideals of S/I, where I is an ideal of Veronese type. Finally,
we prove the main result of the paper, Theorem 3.4, which asserts that an ideal
of Veronese type, I, is unmixed if and only if I is unmixed and equidimensional if
and only if I is Cohen-Macaulay. In particular, this shows that unmixed implies
equidimensional for this type of polymatroidal ideals and, it follows from [6, Theo-
rem 3.2], that the unmixed ideals of Veronese type are precisely the principal ideals,
the Veronese ideals, and the squarefree Veronese ideals.
I am very grateful to Professor Ju¨rgen Herzog for many helpful discussions and
comments during my stay at the University Duisburg-Essen. Also, I wish to thank
for the warm hospitality of School of Mathematical Sciences from Lahore, Pakistan,
where I could finish this paper.
1. Review on Discrete Polymatroids
Fix an integer n > 0 and set [n] = {1, 2, . . . , n}. The canonical basis vectors
of Rn will be denoted by ε1, . . . , εn. Let Z
n
+ denote the set of those vectors u =
(u1, . . . , un) ∈ Zn with each ui ≥ 0. For a vector u = (u1, . . . , un) ∈ Zn+, the modulus
of u is the number |u| = ∑ni=1 ui. If u = (u1, . . . , un) and v = (v1, . . . , vn) are two
vectors belonging to Zn+, then we write u ≤ v if all components vi − ui of v − u are
nonnegative, and moreover, write u < v if u ≤ v and u 6= v.
A discrete polymatroid (see [5]) on the ground set [n] is a non-empty finite subset
P ⊂ Zn+ satisfying
(1) if u ∈ P and v ∈ Zn+ with v ≤ u, then v ∈ P ;
(2) if u = (u1, . . . , un) ∈ P and v = (v1, . . . , vn) ∈ P with |u| < |v|, then there is
i ∈ [n] with ui < vi such that u+ εi ∈ P .
A base of P is a vector u ∈ P such that u < v for no v ∈ P . We denote the set of
bases by B(P ). It is an easy consequence of the definition of a discrete polymatroid
that all elements in B(P ) have the same modulus. This common number is called
the rank of P and denote it by rank(P ).
According to [5, Theorem 2.3] the set of bases of a discrete polymatroid can be
characterized by the exchange property: a subset B ⊂ Zn+ of vectors of the same
modulus, is the set of bases of a discrete polymatroid if and only if for all u, v ∈ B
such that ui > vi for some i, there exists j ∈ [n] with uj < vj such that u−εi+εj ∈ B.
We say that a discrete polymatroid satisfies the strong exchange property, if for
all u, v ∈ B(P ) and for any i, j ∈ [n] such that ui > vi and uj < vj , one has that
u− εi + εj ∈ B(P ).
An important characterization for the discrete polymatroids is given by the rank
function. Let P be a discrete polymatroid. The ground set rank function of P is the
function ρP : 2
[n] → Z+ defined by setting
ρP (A) = max{v(A) : v ∈ P}
for all ∅ 6= A ⊂ [n] together with ρP (∅) = 0.
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This function is nondecreasing, i.e., if A ⊂ B ⊂ [n], then ρP (A) ≤ ρP (B), and is
submodular, i.e.,
ρP (A) + ρP (B) ≥ ρP (A ∪ B) + ρP (A ∩ B),
for all A,B ⊂ [n].
In the following examples we give a class of discrete polymatroids which satisfy
the strong exchange property.
Examples 1.1. (a) Let a1, . . . , an and d be nonnegative integers such that ai ≤ d for
i = 1, . . . , n. The non-empty subset B of Zn+ (non-empty means that
∑n
i=1 ai ≥ d)
given by
B := {u ∈ Zn+ : |u| = d, 0 ≤ ui ≤ ai}
is the set of bases of a discrete polymatroid of rank d, called discrete polymatroid of
Veronese type and denoted by Pd;a1,...,an . It satisfies the strong exchange property
and its ground set rank function ρ is given by:
ρ(A) = min(
∑
i∈A
ai, d), for any A ⊂ [n].(1)
In particular ρ([n]) = d.
(b) The set {(2, 1, 1), (1, 2, 1), (1, 1, 2)} is the set of bases of a discrete polymatroid
of rank 4 which satisfies the strong exchange property, but it is not of Veronese
type. Its ground set rank function is given by ρ({1}) = ρ({2}) = ρ({3}) = 2,
ρ({1, 2}) = ρ({1, 3}) = ρ({2, 3}) = 3 and ρ([3]) = 4.
(c) A first example of a discrete polymatroid which does not satisfy the strong
exchange property arises in dimension 4. The set {(1, 0, 1, 0), (0, 1, 1, 0), (0, 1, 0, 1),
(1, 0, 0, 1)} is the set of bases of a discrete polymatroid of rank 2, but does not satisfy
the strong exchange property. Its ground set rank function is given by ρ({1}) =
ρ({2}) = ρ({3}) = ρ({4}) = 1, ρ({1, 2}) = ρ({3, 4}) = 1, ρ({1, 3}) = ρ({1, 4}) =
ρ({2, 3}) = ρ({2, 4}) = 2, ρ({1, 2, 3}) = ρ({1, 2, 4}) = ρ({1, 3, 4}) = ρ({2, 3, 4}) = 2,
ρ([4]) = 2.
The following theorem (see [7, Theorem 1.1]) , which will be needed later, shows
the relationship between discrete polymatroids which satisfy strong exchange prop-
erty and discrete polymatroids of Veronese type:
Theorem 1.2. Let P be discrete polymatroid which satisfies the strong exchange
property. Then B(P ) is isomorphic to the set of bases of a polymatroid of Veronese
type.
We fix the following notation: let K be a field and S = K[x1, . . . , xn] the polyno-
mial ring in n variables over K with each deg xi = 1. For I ⊂ S a monomial ideal
we denote by G(I) its unique set of minimal generators. For a monomial u ∈ S
we define by max(u) = max{i| xi divides u} and by min(u) = min{i| xi divides u}.
For a subset A = {i1, . . . , ik} of [n] we denote by xA the monomial xi1 · · ·xik , and
by PA the prime ideal of S generated by the variables whose index is in A, i.e. the
ideal (xi1 , . . . , xik).
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We recall that a monomial ideal generated by monomials corresponding to the
set of bases of a discrete polymatroid P is called a polymatroidal ideal, and denoted
I(P ). In other words, I(P ) is generated by all monomials xv with v ∈ B(P ).
In order to shorten the name, we shall use instead of polymatroidal ideal corre-
sponding to a discrete polymatroid with strong exchange property, the name strong
polymatroidal ideal, and instead of polymatroidal ideal corresponding to a discrete
polymatroid of Veronese type, the name ideal of Veronese type.
Remark 1.3. For any polymatroidal ideal I = I(P ) ⊂ S, the radical √I of I is
minimally generated by all monomials xA, where A ⊂ [n] satisfies ρP (A) = rank(P )
and is minimal with respect to inclusion.
2. Classification of equidimensional ideals of Veronese type
Let I ⊂ S be a monomial ideal. A vertex cover of I is a subset W of {x1, . . . , xn}
such that each u ∈ G(I) is divided by some xi ∈ W . Such a vertex cover W is
called minimal if no proper subset of W is a vertex cover of I. The ideals generated
by the minimal vertex covers of I are exactly the minimal prime ideals of I. We
recall, that in general, an ideal in a Noetherian ring S is called equidimensional if
for all its minimal primes p, dimS/p is the same number. It is easy to see that a
monomial ideal I is equidimensional if all minimal vertex covers of I have the same
cardinality.
Throughout this section we consider I an ideal of Veronese type, i.e. there exists
nonnegative numbers a1, . . . , an and d with ai ≤ d for i = 1, . . . , n such that I =
I(Pd;a1,...,an), and denote it for the rest of paper by Id;a1,...,an . We may assume, after
renumbering the variables, that a1 ≥ a2 ≥ . . . ≥ an.
It follows from (1) that G(
√
I) is the set of all monomials
xi1 · · ·xik with k ≥ 1, 1 ≤ i1 < . . . < ik ≤ n,
such that
ai1 + · · ·+ aik ≥ d and ai1 + · · ·+ aik−1 < d.(2)
Obviously if I is a monomial ideal, I is equidimensional if and only if
√
I is
equidimensional.
We may also assume that d > a1 ≥ a2 ≥ . . . ≥ an ≥ 1, so I is an ideal of
S. Indeed, if ai+1 = . . . = an = 0 for some 1 < i < n and ai > 0 then we take
I = Id;a1,...,ai and consider it as an ideal of K[x1, . . . , xi]. If a1 = . . . = an = d, then I
is a Veronese ideal, so it is Cohen-Macaulay and hence equidimensional. Otherwise,
if a1 = . . . = al = d for some 1 ≤ l < n, then x1, . . . , xl ∈ G(
√
I) and hence any
minimal vertex cover of G(
√
I) contains {x1, . . . , xl}, so
√
I is equidimensional if
and only if the Veronese type ideal Id;al+1,...,an ⊂ K[xl+1, . . . , xn] is equidimensional.
But now d > al+1 ≥ . . . ≥ an, and therefore we can consider for the rest of this
section that I = Id;a1,...,an, with d > a1 ≥ . . . ≥ an ≥ 1.
The following lemma is easy but crucial for this section.
Lemma 2.1. Let I be an ideal of Veronese type. Then,
√
I is squarefree strongly
stable.
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Proof. Let u ∈ G(√I). Then, according to (2) u = xi1 · · ·xik with 1 ≤ i1 < . . . <
ik ≤ n, such that ai1 + · · ·+ aik ≥ d and ai1 + · · ·+ aik−1 < d. Let j ∈ {i1, . . . , ik}
and l < j with l /∈ {i1, . . . , ik}. Since al ≥ aj we have that ai1 + · · ·+ aik − aj + al ≥
ai1 + · · ·+ aik ≥ d, hence u · xlxj ∈
√
I, so
√
I is strongly stable. 
Remark 2.2. In general one can associate to any discrete polymatroid P ⊂ Zn+,
with the rank function ρ, a simplicial complex (see for example [1],[12]) ∆ on the
ground set [n], as follows: F ⊂ [n] is a face of ∆ if ρ(F ) < ρ([n]). In the particular
case of discrete polymatroid of Veronese type of rank d, ∆ is the collection of subsets
G ⊂ [n] such that ∑i∈G ai < d, hence it contains all the vertices (see the definition
[1, Chapter 5]), and the Stanley-Reisner ideal of ∆ is I∆ = 〈xF |F /∈ ∆〉 =
√
I.
To any simplicial complex ∆ one can associate its Alexander dual ∆∨, which is the
simplicial complex with Stanley-Reisner ideal I∆∨ = 〈xGc|G ∈ ∆〉 (see for example
[4, Lemma 2.1]). Here by Gc we denote the set [n] \G. In general for any squarefree
monomial ideal J ⊂ S one can define its Alexander dual J∨. Because J is squarefree,
then there exists a simplicial complex Γ such that J = IΓ. Then, we set J
∨ := IΓ∨ .
We recall
Lemma 2.3. Let J ⊂ S be a squarefree strongly stable ideal. Then J∨ is again a
squarefree strongly stable ideal.
Proof. As in the previous remark, let Γ be the simplicial complex such that J = IΓ,
i.e. J = 〈xF |F 6∈ Γ〉. Let us first observe that G(IΓ∨) = {xGc|G is a facet of Γ}.
Consider now m ∈ G(IΓ∨), i.e. m = xj1 · · ·xjn−k , where {j1, . . . , jn−k} = [n] \
{i1, . . . , ik} with {i1, . . . , ik} a facet of Γ. We have to show that for any j ∈
{j1, . . . , jn−k} and for any i < j such that i 6∈ {j1, . . . , jn−k} the monomial m ·
xi
xj
∈ J∨. Since m · xi
xj
= xDc , where D = ({i1, . . . , ik} \ {i}) ∪ {j}, if we prove
that D ∈ Γ, then we are done. Assume on the contrary that D 6∈ Γ. Then
u = xD = xi1 · · ·xik(xj/xi) ∈ J , and because J is strongly stable and xj |u, i < j and
i 6∈ Supp(u) implies u · xi
xj
∈ J , hence xi1 · · ·xik ∈ J , or equivalently {i1, . . . , ik} 6∈ Γ,
a contradiction. Therefore, J∨ is squarefree strongly stable. 
It follows then from Lemma 2.1 and Lemma 2.3 that for an ideal of Veronese type
I, the ideals
√
I and (
√
I)∨ are squarefree strongly stable ideals. We introduce now
for a squarefree monomial ideal J ∈ S the following invariants:
m(J) = max{max(u) : u ∈ G(J)}
and
b(J) = max{deg(u) : u ∈ G(J)}.
Lemma 2.4. Let I = Id;a1,...,an ⊂ S be an ideal of Veronese type. Then
(i) m(
√
I) equals the maximum of the integers ik such that there exists
1 ≤ i1 < . . . < ik ≤ n with ai1 + . . .+ aik ≥ d and ai1 + . . .+ aik−1 < d;
(ii) b(
√
I) = max{l| such that there exists 1 ≤ i1 < . . . < il ≤ n with ai1 + . . . +
ail ≥ d and ai1 + . . .+ ail−1 < d}.
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Proof. The assertions follow immediately from the inequalities (2). 
Remark 2.5. (a) For ik which equals m(
√
I) we can have different k’s. For example
if I = I7;4,3,2,1,1, then
G(
√
I) = {x1x2, x1x3x4, x1x3x5, x2x3x4x5},
so m(
√
I) = 5. We have two different sequences, whose maximal element equals 5,
1 < 3 < 5 ( here 5 = i3, so k = 3) and 2 < 3 < 4 < 5 (here 5 = i4, so k = 4).
(b) One could expect that b(
√
I) = max{k| such that there exists 1 ≤ i1 < . . . <
ik = m with ai1 + . . . + aik ≥ d and ai1 + . . . + aik−1 < d}, which is true in the
previous example. This is not true in general, as we can see from the following. Let
I = I11;7,4,3,2,2,1, then
G(
√
I) = {x1x2, x1x3x4, x1x3x5, x1x3x6, x1x4x5, x2x3x4x5}.
We observe that m(
√
I) = 6, and if our assumption would be true, then b(
√
I)
should be 3, a contradiction since b(
√
I) = 4.
(c) For a strongly stable ideal J ⊂ S, let us denote by Bor(J) the minimal set of
Borel generators of J . For example, for the ideals above
Bor(
√
I7;4,3,2,1,1) = {x1x2, x1x3x5, x2x3x4x5}
and
Bor(
√
I11;7,4,3,2,2,1) = {x1x2, x1x3x6, x1x4x5, x2x3x4x5}.
Then, it is easy to see that for a squarefree strongly stable ideal J , m(J) =
max{max(u) : u ∈ Bor(J)} and b(J) = max{deg(u) : u ∈ Bor(J)}.
Theorem 2.6. Let I be an ideal of Veronese type. Let m = m(
√
I) and b = b(
√
I).
Then the following are equivalent:
(a) I is equidimensional,
(b)
√
I is Cohen-Macaulay,
(c) There is a unique Borel generator of degree b of
√
I, namely
xm−b+1 · · ·xm,
and for any u ∈ G(√I) we have max(u)− deg(u) ≤ m− b.
Moreover, if I is equidimensional, then the cardinality of any minimal vertex cover
of I is m− b+ 1.
Proof. We shall prove that (a)⇔ (b) and (b)⇔ (c).
(a) ⇔ (b): If the ideal √I is Cohen-Macaulay, then √I is equidimensional, so
I is equidimensional. For the converse assume that I is equidimensional. Then√
I = I∆ is equidimensional. According to the [4, Lemma 2.2], this means that I∆∨
is generated in one degree. By Lemma 2.3, I∆∨ is squarefree strongly stable, hence it
has linear quotients. It follows from [2, Lemma 4.1] that I∆∨ has a linear resolution
over S. Now, applying Eagon-Reiner theorem [3], we obtain that
√
I = I∆ is a
Cohen-Macaulay ideal.
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(b) ⇒ (c): Herzog and Srinivasan compute in [8, Proposition 4.1] the codepth
and codimension of S/J , with J a squarefree strongly stable ideal:
codimS/J = max{min(u) : u ∈ G(J)},
codepthS/J = max{max(u)− deg(u) : u ∈ G(J)}+ 1.
It is easy to see that in these formulas G(J) may be replaced by Bor(J). Therefore
(b) implies that
max{min(u) : u ∈ Bor(
√
I)} = max{max(u)− deg(u) : u ∈ Bor(
√
I)}+ 1.(3)
Let Bor(
√
I) = {u1, . . . , ur}, and let i0, j0 ∈ {1, . . . , r} such that
max(u)− deg(u) ≤ max(uj0)− deg(uj0) for all u ∈ Bor(
√
I),(4)
and
min(u) ≤ min(ui0) for all u ∈ Bor(
√
I).(5)
By (3) we get
min(ui0) ≤ max(ui0)− deg(ui0) + 1 ≤ max(uj0)− deg(uj0) + 1 = min(ui0),
and hence min(ui0) = max(ui0)−deg(ui0)+1. We conclude that ui0 = xt · · ·xt+b′−1,
where we denoted by t = min(ui0) and b
′ = deg(ui0).
It remains to be shown that b′ = b and t = m− b+1. Suppose there is an element
u ∈ Bor(√I) such that deg(u) ≥ b′.
Assume first that deg(u) = b′, i.e. u = xl1 · · ·xlb′ for some l1 < . . . < lb′ in [n].
(5) and (4) implies that l1 ≤ t and lb′ ≤ t+ b′ − 1. Therefore ls ≤ t+ s− 1, for any
1 ≤ s ≤ b′, so u belongs to the strongly stable ideal generated by ui0, a contradiction
with u ∈ Bor(√I).
Let now k = deg(u) > b′ and u = xl1 · · ·xlk for a sequence l1 < . . . < lk in
[n]. (5) implies that l1 ≤ t and from (4) it follows that lk ≤ t + k − 1, therefore
lb′ ≤ lk− (k− b′) ≤ t+ b′−1. It is an easy consequence of previous inequality and to
our non-descending sequence a1 ≥ . . . ≥ an that al1+. . .+alb′ ≥ at+. . .+at+b′−1 ≥ d
(the last inequality is due to ui0 ∈ Bor(
√
I) ⊂ G(√I)). Since u ∈ Bor(√I) we have
that d > al1 + . . .+ alk−1 ≥ al1 + . . .+ alb′ ≥ d, a contradiction.
Hence we proved our claim is true. Therefore b′ = b and deg(u) < b, ∀u ∈
Bor(
√
I)\{ui0}. We have also max(u)−deg(u) ≤ t−1, min(u) < t, ∀u ∈ Bor(
√
I)\
{ui0} (otherwise, if min(u) = t we obtain u = ui0). It follows that max(u) ≤ t +
deg(u)−1 < t+b−1, ∀u ∈ Bor(√I)\{ui0}. Hence m = t+b−1, ui0 = xm−b+1 · · ·xm
is the unique Borel generator of degree b, and the rest of (c) also holds.
(c)⇒ (b): It is straightforward to check that condition (c) implies codepthS/√I =
codimS/
√
I. Hence
√
I is a Cohen-Macaulay ideal, and so I is equidimensional.
If the equivalent conditions hold, then all the facets of ∆ have the same cardinality.
All the subsets of cardinal b of [m] are non-faces of ∆ since xm−b+1 · · ·xm is a
Borel generator of I∆. Hence the cardinality of a facet of ∆ is ≤ b − 1. Since
xm−b+1 · · ·xm−1 6∈ I∆ it follows that {m−b+1, . . . , m−1} is a face of ∆ of cardinality
b−1, and hence a facet. Therefore, all the facets have cardinality b−1. Consequently,
all minimal vertex covers have cardinality m− b+ 1. 
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Remark 2.7. Both conditions in statement (c) of Theorem 2.6 are needed.
(a) If I1 = I9;7,3,3,2,1, then
G(
√
I1) = {x1x2, x1x3, x1x4, x2x3x4x5}
and
Bor(
√
I1) = {x1x4, x2x3x4x5}.
Since m = 5 and b = 4, we see that u = x2x3x4x5 is the unique Borel generator of
maximal degree with max(u) = 5. On the other hand, max(x1x4) − deg(x1x4) =
4 − 2 = 2 > 1 = 5 − 4 = m − b. Therefore, according to the theorem, I1 is not
equidimensional. Indeed, {x1, x2} and {x2, x3, x4} are minimal vertex covers of
√
I1
of different cardinality.
(b) If I2 = I8;5,5,4,3,1,1, then
G(
√
I2) = {x1x2, x1x3, x1x4, x2x3, x2x4, x3x4x5, x3x4x6}
and
Bor(
√
I2) = {x2x4, x3x4x6}.
Furthermore, we have m = 6, b = 3, max(x2x4) − deg(x2x4) = 2 < 3 = 6 − 3 and
max(x3x4x6) − deg(x3x4x6) = 3 ≤ 3 = 6 − 3. So for any u ∈ Bor(
√
I2) we have
max(u)− deg(u) ≤ m− b. But I2 is not equidimensional, according to the theorem,
since the Borel generator in maximum degree is x3x4x6 instead of x4x5x6. Indeed,
one can check that {x1, x2, x3} and {x1, x2, x5, x6} are minimal vertex covers of
√
I2
of different cardinality.
Corollary 2.8. Let I = Id;a1,...,an be an ideal of Veronese type. Then, the ideal I is
equidimensional if and only if there exists a pair (p, l) with p ≥ l, which is maximal
with respect to the partial order given by componentwise comparison, and such that
(i) ap−l+1 + . . .+ ap ≥ d, and ap−l+1 + . . .+ ap−1 < d, and
(ii) for any sequence i1 < . . . < ik in [n] with ai1 + . . .+ aik ≥ d and ai1 + . . .+
aik−1 < d we have ik − k ≤ p− l.
Proof. If I is equidimensional, then it follows easily from Theorem 2.6 that the pair
(m, b) satisfies all the conditions from the corollary.
For the converse, first we will show that any two pairs (p1, l1) and (p2, l2) with the
properties (i) and (ii) can be compared, hence the name maximal is correct. Assume
the contrary, then the only possibility (after a renumbering) for the two pairs to be
incomparable with respect to our partial order is to have the following inequalities:
p1 < p2 and l1 > l2. Then,
d > ap1−l1+1 + . . .+ ap1−1 ≥ ap2−l2+1 + . . .+ ap2 ≥ d,
a contradiction (for the second inequality we use that l1 − 1 ≥ l2, p1 < p2 and the
non-increasing sequence a1 ≥ a2 ≥ · · · ≥ an). Therefore, the existence of a pair
leads to existence of a maximal one.
For finishing the proof it is enough to show that the maximal pair (p, l) from
the hypotheses is equal to (m, b). We have from the definition of m and b the
following inequalities: p ≤ m and l ≤ b. Arguing by contradiction, suppose that
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(p, l) < (m, b). This implies p < m and l ≤ b. Indeed, if p = m and l < b, then from
the definition of b and p we have the following inequalities:
am−l+1 + . . .+ am = ap−l+1 + . . .+ ap ≥ d
and
am−b+1 + . . .+ am−1 < d,
which should be true simultaneously, a contradiction since l < b and a1 ≥ a2 ≥
. . . ≥ an.
Hence p < m and l ≤ b. We have two cases to analyze: l < b and l = b.
First, let us suppose that l < b. From the definition of b, there exists a sequence
j1 < · · · < jb in [n] such that aj1 + . . . + ajb ≥ d, aj1 + . . . + ajb−1 < d and
jb − b ≤ p− l. Since (p, l) is maximal then j1 < jb − b+ 1 ≤ p− l + 1. In order to
have both aj1 + . . . + ajb−1 < d and ap−l+1 + . . . + ap ≥ d we must have jl ≥ p + 1.
It follows then, that jb ≥ jl + b − l ≥ p + 1 + b − l, hence jb − b ≥ p − l + 1, a
contradiction since jb − b ≤ p− l.
Assume now that l = b. From the definition of m, there exists a sequence i1 <
· · · < ik = m in [n] such that ai1 + . . .+ aik ≥ d, ai1 + . . . + aik−1 < d. In addition,
according to the hypotheses on the pair (p, l), m − k ≤ p − l. Since m > p and
b = l ≥ k we obtain that m − k > p − l, a contradiction. Hence, our discussion
shows that in both cases we get a contradiction, so (p, l) = (m, b). Applying now
Theorem 2.6, we obtain that I is equidimensional. 
Remark 2.9. (a) It follows from the proof of the corollary that the maximality of the
pair (p, l) with respect to the partial order given by the componentwise comparison
is induced only by condition (i).
(b) Corollary 2.8 provides an useful tool to show that an ideal of Veronese type
is not equidimensional. The strategy is to compute first the maximal pair (p, l)
with the property (i) and then find a generator which does not satisfy property
(ii). For example, consider the ideal of Veronese type I = I15;9,6,4,3,2,2,1,1. We get
succesively: 9+ 6 = 15 implies that (p0, l0) = (2, 2), then 6+4 < 15, 6+4+3 < 15,
6+4+3+2 = 15 implies that (p1, l1) = (5, 4), 4+3+2+2 < 15, 4+3+2+2+1< 15,
4 + 3+ 2+ 2+ 1+ 1 < 15. Therefore, the maximal pair (p, l) is (5, 4) and p− l = 1.
It is easy to see that x1x3x6 ∈ G(
√
I) and, since 6 − 3 = 3 > 1 = p− l, the second
condition (ii) of the Corollary 2.8 is not fulfilled, so we can conclude that I is not
equidimensional.
Let P be a discrete polymatroid which satisfies the strong exchange property,
with the rank function ρ. Then according to the Theorem 1.2, B(P ) is isomorphic
to the set of bases of a polymatroid of Veronese type. In fact, the isomorphism used
in the proof of the theorem is given by the translation τ : Rn −→ Rn,
τ(v) = v − u0, ∀v ∈ Rn,
where u0 is the integer vector whose i-th coordinate is equal to ρ([n])− ρ([n] \ {i}).
τ(B(P )) is the set of bases of a discrete polymatroid of Veronese type. If u0 = 0,
then P is of Veronese type. Eventually, after a renumbering of variables, we may
assume that τ(B(P )) = B(Pd;a1,...,an), where d ≥ a1 ≥ . . . ≥ an.
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Corollary 2.10. Let I be a strong polymatroidal ideal which is not of Veronese type.
Then I is equidimensional if and only if
√
I is principal.
Proof. By the considerations preceding this corollary it follows that I = u0J , where
u0 6= 1 is a monomial and J is a monomial ideal. For any xk dividing u, (xk) is a
minimal prime ideal of I. Therefore I is equidimensional if and only if all minimal
prime ideals of I, and hence of
√
I, have height 1. Let Pi = (xji) ⊂ S, for 1 ≤ i ≤ r,
be these minimal prime ideals. Since
√
I =
⋂r
i=1 Pi it follows that
√
I = (
∏r
i=1 xji).
Hence
√
I is principal. The converse implication is obvious. 
3. Classification of unmixed ideals of Veronese type
An ideal I of a Noetherian ring R is said to be unmixed if the associated prime
ideals of R/I are the minimal prime ideals of I. Some authors, for example the book
of Matsumura [10], require in addition that all minimal prime ideals have the same
height. In the case of a polynomial ring this definition of unmixedness is equivalent
to say that I is equidimensional and has no embedded prime ideals.
The conditions “unmixed” and “equidimensional” are unrelated. For example,
the ideal (xy, xz) of R = K[x, y, z] is unmixed but not equidimensional, while the
ideal (x2, xy) is equidimensional but not unmixed.
Deciding whether an ideal is unmixed is in general a hard problem since one has to
know all its associated prime ideals. In the particular case of ideals of Veronese type
we can give a complete description of the associated prime ideals. As before, we may
assume that our non-zero ideal of Veronese type is of the form I = Id;a1,...,an with
d ≥ a1 ≥ . . . ≥ an. In case I is a prime ideal we have Ass(S/I) = I. In our case this
happens only if I = (x1, . . . , xi). In our further discussions we therefore assume that
d > 1. We may also assume that an ≥ 1, because if i is the least integer with ai = 0,
then I = Id;a1,...,ai−1S and I is unmixed if and only if Id;a1,...,ai−1 ⊂ K[x1, . . . , xi−1] is
unmixed.
Proposition 3.1. Let I = Id;a1,...,an ⊂ S be an ideal of Veronese type with d > 1
and an ≥ 1, and A a subset of [n]. Then
PA ∈ Ass(S/I)⇐⇒
n∑
i=1
ai ≥ d− 1 + |A| and
∑
i/∈A
ai ≤ d− 1.
Moreover, if for all i ∈ A we choose bi with 0 ≤ bi < ai such that∑
i∈A
bi +
∑
i/∈A
ai = d− 1,
then the monomial z =
∏
i∈A x
bi
i
∏
i/∈A x
ai
i satisfies I : z = PA.
Proof. ⇐: Since ∑i 6∈A ai ≤ d − 1, it follows that for any monomial u ∈ G(I) there
exists an integer j with j ∈ A such that xj divides u. Therefore PA ⊃ I. The
condition
∑n
i=1 ai ≥ d − 1 + |A| implies that
∑
i∈A(ai − 1) +
∑
i 6∈A ai ≥ d − 1,
which together with
∑
i 6∈A ai ≤ d − 1 shows that there exists for all i ∈ A an
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integer bi, with 0 ≤ bi < ai such that
∑
i∈A bi +
∑
i 6∈A ai = d − 1. The monomial
z =
∏
i∈A x
bi
i
∏
i 6∈A x
ai
i has degree d − 1. Hence z 6∈ I, and obviously I : z ⊃ PA. If
equality holds then PA ∈ Ass(S/I). Assume by contradiction that PA is a proper
subset of I : z. Then there exists a monomial u′ ∈ K[xi : i 6∈ A] of degree at least
1, such that zu′ ∈ I. That is, there exists a monomial u ∈ G(I), u = ∏ni=1 xcii , with
u|zu′. Therefore ci ≤ bi for any i ∈ A, since u′ ∈ K[xi : i 6∈ A]. But then
d = deg(u) =
n∑
i=1
ci ≤
∑
i∈A
bi +
∑
i 6∈A
ai = deg(z) = d− 1,
a contradiction. Therefore I : z = PA, and we are done.
⇒ : Assume now that PA ∈ Ass(S/I). Then there exists a monomial z ∈ S,
z 6∈ I, such that I : z = PA. We first show that we can choose a monomial z of
degree d− 1 such that I : z = PA.
Suppose that the monomial z 6∈ I, with I : z = PA, has degree deg(z) ≥ d and is
of the form z =
∏n
i=1 x
bi
i . We observe that there exists an integer j0 ∈ [n] such that
bj0 > aj0 . Indeed, if bi ≤ ai for all i ∈ [n], then z ∈ I, a contradiction.
Since I : z = PA, we have xiz ∈ I for all i ∈ A, and xiz 6∈ I for all i 6∈ A.
Furthermore, for each i ∈ A there exists a monomial ui ∈ G(I) such that ui divides
xiz. This fact together with z 6∈ I implies that for all i ∈ A the variable xi appears
in ui with the exponent bi+1, therefore bi < ai for all i ∈ A. In particular, it follows
that j0 6∈ A.
We claim that z/xj0 6∈ I and I : (z/xj0) = PA. The first assertion follows from
that z 6∈ I and the fact that bj0 − 1 ≥ aj0 . For the second, we use the general fact
that if z and z′ are monomials such that z′ divides z, then I : z′ ⊂ I : z. Therefore,
I : (z/xj0) ⊂ PA. Since bj0 − 1 ≥ aj0 , then ui still divides xiz/xj0 for all i ∈ A, so
xi ∈ I : (z/xj0) for all i ∈ A. Hence we have the other inclusion PA ⊂ I : (z/xj0),
and our claim is proved.
After a finite number of such reductions, we find z 6∈ I of degree d− 1 such that
I : z = PA.
In what follows we shall prove that z has the required form of the statement. As
above let z =
∏n
i=1 x
bi
i with deg(z) = d− 1, such that I : z = PA. From I : z = PA,
it follows that zxi ∈ I, for all i ∈ A, and zxi 6∈ I, for all i 6∈ A. In particular,
bi + 1 ≤ ai for all i ∈ A, and bi ≤ ai for all i 6∈ A. Since zxi 6∈ I for all i 6∈ A, and
since bi ≤ ai, we must necessarily have bi = ai, for all i 6∈ A. Therefore, we obtain
that
z =
∏
i∈A
xbii
∏
i 6∈A
xaii ,
with 0 ≤ bi < ai for all i ∈ A. In particular, we have∑
i 6∈A
ai ≤ deg(z) = d− 1,
and
n∑
i=1
ai ≥
∑
i∈A
(bi + 1) +
∑
i 6∈A
ai = d− 1 + |A|.
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This concludes the proof of the proposition. 
Example 3.2. In this example, we compute with the help of the Proposition 3.1, the
set of all associated prime ideals of the ideal of Veronese type I5;3,2,1 ⊂ K[x1, x2, x3].
Hence, d = 5, a1 = 3, a2 = 2, a3 = 1 and G(I5;3,2,1) = {x31x22, x31x2x3, x21x22x3}. Since
a2 + a3 ≤ 4, it follows from the above proposition that (x1) = P{1} is an associated
prime ideal, with I5;3,2,1 : x1x
2
2x3 = (x1), where z = x1x
2
2x3 and b1 = 1 < a1.
Similarly, one can check that the other associated prime ideals of I5;3,2,1 are (x2),
(x1, x2), (x1, x3), (x2, x3). They are obtained as follows: (x2) = I5;3,2,1 : x
3
1x3,
(x1, x2) = I5;3,2,1 : x
2
1x2x3, (x1, x3) = I5;3,2,1 : x
2
1x
2
2, (x2, x3) = I5;3,2,1 : x
3
1x2. In
particular, I5;3,2,1 is equidimensional and is not unmixed.
An easy consequence of Proposition 3.1 is the following
Corollary 3.3. Let I ⊂ S be an ideal of Veronese type, and suppose that PA ∈
Ass(S/I) for some A ⊂ [n] with |A| = k. Let i ∈ A, j < i such that j 6∈ A and
B = (A \ {i}) ∪ {j}. Then PB ∈ Ass(S/I). In particular, (x1, . . . , xk) ∈ Ass(S/I).
Proof. Let A ⊂ [n], such that |A| = k and PA ∈ Ass(S/I). It follows from Propo-
sition 3.1 that
∑n
l=1 al ≥ d − 1 + k and
∑
l 6∈A al ≤ d − 1. Then, the subset B from
the hypothesis satisfies |B| = k and
∑
l 6∈B
al =
∑
l 6∈A
al − aj + ai.
Because j < i, then ai − aj ≤ 0 and therefore
∑
l 6∈B al ≤ d − 1. Applying again
Proposition 3.1 we obtain that PB ∈ Ass(S/I). The last assertion follows after
performing at most k times the above procedure. 
Let us notice that for an ideal of Veronese type I = Id;a1,...,an with d = a1 = . . . = ai
for some 1 ≤ i ≤ n, then the maximal graded ideal m of S is an associated prime ideal
of I (since m = I : (xd−11 )). It follows that if I is unmixed then I is equidimensional.
According to the Proposition 3.1, m is the only associated prime of S/I if and only
if a1 = a2 = . . . = an = d. Indeed, if for example an < d, then Proposition 3.1 tells
us that (x1, . . . , xn−1) is an associated prime ideal of S/I, hence I is not unmixed,
a contradiction. Therefore, for an ideal I = Id;a1,...,an with d = a1 = . . . = ai for
some 1 ≤ i ≤ n the following conditions are equivalent: (i) I is unmixed, (ii) I is
Cohen-Macaulay, and (iii) I is a Veronese ideal.
Theorem 3.4. Let I ⊂ S be a non-zero ideal of Veronese type. Then the following
conditions are equivalent:
(a) I is a Cohen-Macaulay ideal,
(b) I is unmixed and equidimensional,
(c) I is unmixed.
Proof. Following the discussion above theorem it is enough to prove for an ideal
of Veronese type, I, with d > a1 ≥ . . . ≥ an ≥ 1. The implications (a) =⇒ (b),
(b) =⇒ (c) are obvious.
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To complete the proof of the theorem it remains to prove (c) =⇒ (a). Herzog
and Hibi proved (see [6, Theorem 3.2.]) that a polymatroidal ideal I is a Cohen-
Macaulay ideal if and only if I is either a principal ideal, a Veronese ideal, or a
squarefree Veronese ideal. From the discussions preceding the theorem it follows
that we only have to show that I is unmixed implies that I is either principal or
squarefree Veronese.
First we shall show that I is equidimensional. Assume by contrary that I is
not equidimensional. Then
√
I is not equidimensional and therefore there exist
A,B ⊂ [n] of cardinality k, respectively l such that k < l and PA, PB are minimal
primes of
√
I, and consequently of I. It follows from Corollary 3.3 that (x1, . . . , xk) ⊂
(x1, . . . , xl) are both associated prime ideals of I, a contradiction since I is unmixed.
Therefore I is equidimensional. Hence, all the associated prime ideals of S/I are
minimal over I and have the same height, which we denote it by k, with 1 ≤ k ≤ n.
Now we have two cases.
Case 1: a1 + . . .+ an = d.
This implies that I is principal, generated by xa11 · · ·xann , hence Cohen-Macaulay, so
we are done.
Case 2: a1 + . . .+ an > d.
Since all the associated primes of S/I have the same height k, it follows from Corol-
lary 3.3 that, in particular, (x1, . . . , xk) is an associated prime of S/I. First we
notice that k < n. Indeed, if k = n, then by Proposition 3.1, it would follow that
a1+ . . .+ an ≥ d− 1+n. In particular, a1+ . . .+ an > d− 1+ (n− 1) and together
with an ≤ d − 1, from the hypotheses, we obtain, via the same proposition, that
(x1, . . . , xn−1) is an associated prime ideal, a contradiction, since I is unmixed.
Hence k < n and we have that ak+1+ . . .+an ≤ d−1 and a1+ . . .+an ≥ d−1+k.
Because I is unmixed, then for any subset A ⊂ [n] with |A| 6= k, PA 6∈ Ass(S/I).
Therefore (x1, . . . , xk+1) 6∈ Ass(S/I) and since ak+2+. . .+an < ak+1+. . .+an ≤ d−1,
it follows from Proposition 3.1 that a1 + . . . + an < d − 1 + k + 1 = d + k. This
inequality together with a1+ . . .+an ≥ d−1+k imply that a1+ . . .+an = d−1+k.
Since we are in the case a1 + . . .+ an > d, we necessarily have k > 1.
We conclude this case by showing that ai = 1 for all i with 1 ≤ i ≤ n, which means
that I is squarefree Veronese ideal, and hence a Cohen-Macaulay ideal. Suppose, by
contradiction, that there exists i ∈ [n] such that ai ≥ 2, hence in particular a1 ≥ 2.
Then, because k > 1 and I is unmixed, we have (x1, . . . , xk−1) 6∈ Ass(S/I). Since
a1+ . . .+an = d+k−1 > d−1+k−1, applying again Proposition 3.1 we obtain that
ak+. . .+an > d−1. Suming up this inequality with the inequality a1+. . .+ak−1 ≥ k
(true, because we supposed that a1 ≥ 2) we obtain that a1 + . . .+ an > d− k+ 1, a
contradiction. Therefore, ai = 1 for all i ∈ [n], and we are done.
In conclusion, from the two cases analyzed we obtain that if I is unmixed then I
is Cohen-Macaulay, so the theorem is proved. 
References
[1] W. Bruns and J. Herzog, “Cohen–Macaulay rings,” Revised Edition, Cambridge University
Press, Cambridge, 1996.
13
[2] A. Conca and J. Herzog, Castelnuovo–Mumford regularity of products of ideals, Collect. Math.,
54 (2003), 137–152.
[3] J.A. Eagon and V. Reiner, Resolutions of Stanley-Reisner rings and Alexander duality, J.
Pure and Appl. Alg., 130 (1998), 265–275.
[4] J. Herzog, Alexander duality in commutative algebra and combinatorics, in “Proceedings of
the International Conference on Algebra”, Algebra Colloq. 11 (2004), no. 1, 21–30.
[5] J. Herzog and T. Hibi, Discrete Polymatroids, J. of Alg. Comb., 16 (2002), 239–268.
[6] J. Herzog and T. Hibi, Cohen-Macaulay polymatroidal ideals, arXiv:math.AC/0409097.
[7] J. Herzog, T. Hibi and M. Vladoiu, Ideals of fiber type and polymatroids, Osaka J. Math., 42
(2005), no. 4, 807–829.
[8] J. Herzog and H. Srinivasan, Bounds for multiplicities, Trans. Amer. Math. Soc., 350 (1998),
no. 7, 2879–2902.
[9] J. Herzog and Y. Takayama, Resolutions by mapping cones, in “The Roos Festschrift volume
(2), Special issue in honor of Jan-Erik Roos on the occasion of his 65th birthday,” Homology,
Homotopy and Applications 4, No. 2(2), (2002), 277 – 294.
[10] H. Matsumura, “Commutative ring theory,” Cambridge University Press, 1986.
[11] J. G. Oxley, “Matroid Theory,” Oxford University Press, Oxford, New York, 1992.
[12] R. H. Villareal, “Monomial Algebras,” Marcel Dekker, Inc. , New York, 2001.
[13] D. J. A. Welsh, “Matroid Theory,” Academic Press, London, New York, 1976.
Marius Vladoiu, Faculty of Mathematics, University of Bucharest, Str. Academiei
14, Bucharest, 010014, Romania
E-mail address : vladoiu@gta.math.unibuc.ro, marius alg@yahoo.com
14
